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Abstract 
An example shows that a homotopy pushout of a homotopy monomorphism need not be a 
homotopy monomorphism. 0 1997 Elsevier Science B.V. 
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1. Introduction 
Recall that f : X + Y is a homotopy monomorphism if, given u, u: Z 4 X with 
f o PL E f o 21: Z ---f Y, then u z 19: Z + X [ 11. (We work throughout in based 
CW-complexes.) 
The purpose of this paper is to give an example of a homotopy pushout 
in which f is a homotopy monomorphism but f’ is not. 
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This answers a question posed by Lin Hong and Shen Wenhuai [3, Remark 2.51. It 
stands in contrast to their Theorem 1.1, which is about the dual situation. They show 
that, if 
is a homotopy pullback and f is a homotopy epimorphism, then f’ must be a homotopy 
epimorphism. Note that their pretty argument does not dualise because it depends on the 
cube theorem [4]. 
The definition of a homotopy monomorphism may be expressed a little differently, 
as follows. Let S and T be sets. Define a map f : S + T to be a monomorphism if 
f(si) = f(s~) + si = s2. Then f : X + Y is a homotopy monomorphism if, for each 
possible 2, the induced map f* : [Z, X] + [Z, Y] is a monomorphism of sets. 
Note that, if f : S + T is a based map of based sets, we can define it to be a weak 
monomorphism if f(s) = * + s = *. If f is a homomorphism of groups, monomorphism 
= weak monomorphism, but in general they differ. 
Examples of homotopy monomorphisms can be obtained as follows: 
l For any spaces X,Y, the inclusion X + X x Y is a homotopy monomorphism. 
l More generally, if the composition of maps X + Y + X is homotopic to the 
identity, then X + Y is a homotopy monomorphism. 
l If S is a subgroup of the group G, then the induced map K(S, 1) ---) K(G, 1) is a 
homotopy monomorphism. (See Lemma 2.2 below.) 
l Note, however, that if A is a subgroup of an Abelian group B and n 3 2, 
K(A, n) + K(B, n) is a homotopy monomorphism if and only if the inclusion 
splits. (See Lemma 2.4 below.) 
2. The example 
Let Ds be the dihedral group of symmetries of the square. In this group, let a, b, c be 
the reflections in the dotted lines in the following diagram 
Let A be the subgroup { 1, CL} and S the subgroup { 1, a, b, ab}. Then we note the 
following: 
l A ” Z/2, 
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l s ” z/2 @ z/2, 
l S/A ” Z/2. with the nonzero element represented by h, 
l S is a normal subgroup of 0s with quotient Z/2, 
l in Ds, the conjugate of a by c is CM = b. 
Example 2.1. Our example consists of the diagram 
K(S, 1) f -K(D8, 1) 
in which f is induced by the inclusion S c Dg, g is induced by the projection S + S/A, 
and P is the homotopy pushout. 
In this example, f is a homotopy monomorphism, by Lemma 2.2 below, but f’ is not 
a homotopy monomorphism, by Lemma 2.3. 
The following lemma is [2, Proposition l*], and is given here for completeness. 
Lemma 2.2. If S is a subgroup of the group G, then the induced map K(S, 1) + 
K(G. 1) is a homotopy monomorph.ism. 
Proof. For an arbitrary connected CW-complex Z, because ~1 is a functor, we get a map 
of sets c~ : [Z, K(G, l)] + Hom(7rl Z, G). This is an isomorphism, as follows. 
We may assume that Z has dimension 2, as higher cells make no difference to either 
set. Since Z is a 2-dimensional connected CW-complex, we may construct a CW-complex 
R with one O-cell and with one l-cell for each 2-cell in Z, and a map R -+ Z’ whose 
cofibre is Z, up to homotopy. 
The cofibration gives a commutative diagram of exact sequences of groups 
[CR K(G, 111 -[Z,K(G. l)]~ [Z’, K(G, l)] F [R, K(G, 1 II 
1 I 
n 
1 
P 
1 
7 
Hom(q CR, G) -Hom(q Z, G) - Hom(q Z’, G) - Hom(~, R, G) 
The two sets on the left are zero (one element each) and p, y are both isomorphisms. 
Hence Q is an isomorphism. 
It follows that the map [Z, K(S: l)] + [Z, K(G, l)] is equivalent, as a map of sets, 
to the map Hom(7rl Z, S) + Horn(~~, Z, G), which is clearly a monomorphism. 0 
Lemma 2.3. In the example, f’ is not a homotopy monomorphism. 
Proof. We look at the corresponding diagram of fundamental groups 
S 
f. 
*D8 
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Since the diagram is commutative and g*a = 1, giu = 1. But a is conjugate to b 
in Ds, so gi (b) = 1, and hence fi (b) = 1. This means that f’ is not a homotopy 
monomorphism. 0 
The following lemma is also given for completeness. 
Lemma 2.4. If n 3 2, f : A + B is a homomorphism of Abelian groups, and the 
induced map f* : K(A, n) -+ K(B, n) is a homotopy monomorphism, then f is a split 
monomorphism. 
Proof. Clearly, f must be a monomorphism. 
Consider the fibration sequence of f+: 
K(A,n- 1) -+ K(B,n- 1) + K(B/A,n- 1) + K(A,n) --f K(B,n) 
(i.e., each pair of maps consists, up to homotopy, of a fibration and the inclusion of the 
fibre). 
Since f* is a homotopy monomorphism, the map K(B/A,n - 1) + K(A,n) is 
homotopic to zero, and so the induced fibration 
K(A,n- 1) + K(B,n- 1) + K(B,‘A,n- 1) 
is trivial. 
This means that K(B, n - 1) % K(A, n - 1) x K(B/A, n - 1) and B ” A @ (B/A). 
(Notice that it is this very last step which breaks down for n = 1.) 0 
The question of what happens in the simply-connected case is still unknown. 
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